
Back-propagation

Handling vector variables

A vectorized example: L = ‖q − q̃‖2 = ‖Wx− q̃‖2
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∂Wi,j

= δi,kxj
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Initialization Weight initialization

Weight initialization

Lecture 5 - 20 Jan 2016Fei-Fei Li & Andrej Karpathy & Justin JohnsonFei-Fei Li & Andrej Karpathy & Justin Johnson Lecture 5 - 20 Jan 201654

- First idea: Small random numbers 
(gaussian with zero mean and 1e-2 standard deviation)
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Weight initialization

Lecture 5 - 20 Jan 2016Fei-Fei Li & Andrej Karpathy & Justin JohnsonFei-Fei Li & Andrej Karpathy & Justin Johnson Lecture 5 - 20 Jan 201655

- First idea: Small random numbers 
(gaussian with zero mean and 1e-2 standard deviation)

Works ~okay for small networks, but can lead to 
non-homogeneous distributions of activations 
across the layers of a network.
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Initialization Weight initialization

Weight initialization

Let’s look at some activation statistics
10 layers
500 neurons per layer
tanh(·) for activation
W = 0.01 ∗ np.random.randn(fan_in, fan_out) as described in the
last slide
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Initialization Weight initialization

Weight initialization

Lecture 5 - 20 Jan 2016Fei-Fei Li & Andrej Karpathy & Justin JohnsonFei-Fei Li & Andrej Karpathy & Justin Johnson Lecture 5 - 20 Jan 201657
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Initialization Weight initialization

Weight initialization

Lecture 5 - 20 Jan 2016Fei-Fei Li & Andrej Karpathy & Justin JohnsonFei-Fei Li & Andrej Karpathy & Justin Johnson Lecture 5 - 20 Jan 201658

All activations 
become zero!

Q: think about the 
backward pass. 
What do the 
gradients look like?

Hint: think about backward 
pass for a W*X gate.
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Initialization Weight initialization

Weight initialization

Lecture 5 - 20 Jan 2016Fei-Fei Li & Andrej Karpathy & Justin JohnsonFei-Fei Li & Andrej Karpathy & Justin Johnson Lecture 5 - 20 Jan 201659

Almost all neurons 
completely 
saturated, either -1 
and 1. Gradients 
will be all zero.

*1.0 instead of *0.01
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Initialization Weight initialization

Variance calibration for linear layer

Assume linear activation and zero-mean weights and inputs. And
number of inputs is n. Then,

Var(y) = Var

(
n∑
i

wixi

)
=

n∑
i

Var(wixi)

=
n∑
i

[E(wi)]
2Var(xi) + E[(xi)]

2Var(wi) + Var(xi)Var(wi)

S. Cheng (OU-ECE) Neural Networks Jan 2019 92 / 216



Initialization Weight initialization

Variance calibration for linear layer

Assume linear activation and zero-mean weights and inputs. And
number of inputs is n. Then,

Var(y) = Var

(
n∑
i

wixi

)
=

n∑
i

Var(wixi)

=

n∑
i

[E(wi)]
2Var(xi) + E[(xi)]

2Var(wi) + Var(xi)Var(wi)

S. Cheng (OU-ECE) Neural Networks Jan 2019 92 / 216



Initialization Weight initialization

V ar(XY ) =
E[X]2V ar(Y ) + E[Y ]2V ar(X) + V ar(X)V ar(Y )

V ar(XY ) = E[(XY )2]− E[XY ]2

= E[X2]E[Y 2]− E[X]2E[Y ]2

V ar(X)V ar(Y )

= (E[X2]− E[X]2)(E[Y 2]− E[Y ]2)

= E[X2]E[Y 2]− E[X]2E[Y 2]− E[X2]E[Y ]2 + E[X]2E[Y ]2

= E[X2]E[Y 2]− E[X]2(E[Y 2]− E[Y ]2)

E[Y ]2(E[X2]− E[X]2)− E[X]2E[Y ]2

= V ar(XY )− E[X]2V ar(Y )− E[Y ]2V ar(X)
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Initialization Weight initialization

Variance calibration for linear layer

Assume linear activation and zero-mean weights and inputs. And
number of inputs is n. Then,

Var(y) = Var

(
n∑
i

wixi

)
=

n∑
i

Var(wixi)

=

n∑
i

E[wi]
2Var(xi) + E[xi]

2Var(wi) + Var(xi)Var(wi)

=

n∑
i

Var(xi)Var(wi)

= (nVar(w))Var(x)

Thus, output will have same variance as input if nVar(w) = 1. This is
known as Xavier weight initialization
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Initialization Weight initialization

Weight initialization

Lecture 5 - 20 Jan 2016Fei-Fei Li & Andrej Karpathy & Justin JohnsonFei-Fei Li & Andrej Karpathy & Justin Johnson Lecture 5 - 20 Jan 201660

“Xavier initialization”
[Glorot et al., 2010]

Reasonable initialization.
(Mathematical derivation 
assumes linear activations)
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Initialization Weight initialization

Weight initialization

Lecture 5 - 20 Jan 2016Fei-Fei Li & Andrej Karpathy & Justin JohnsonFei-Fei Li & Andrej Karpathy & Justin Johnson Lecture 5 - 20 Jan 201661

but when using the ReLU 
nonlinearity it breaks.
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Initialization Weight initialization

Variance calibration for ReLU

· · · x(l−1)
∑

y(l−1) x(l)
∑

y(l) · · ·

Note that it doesn’t work when the activation layer is ReLU. But...1

Var(y(l)) = Var

(
n∑
i

w
(l)
i x

(l)
i

)

=

n∑
i

Var(w(l)
i x

(l)
i ) = nVar(w(l)x(l))

= nE[w(l)]2Var(x(l)) + nE[x(l)]2Var(w(l)) + nVar(x(l))Var(w(l))

= nE[x(l)]2Var(w(l)) + nVar(x(l))Var(w(l))

= nE[(x(l))2]Var(w(l))

= n(Var(y(l−1))/2)Var(w(l)) =
(n
2

Var(w(l))
)

Var(y(l−1))

Variance of y conserved across a layer if n
2Var(w) = 1

1Note that y(l) now denotes the sum of input before going through the activation
function.
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function.
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Initialization Weight initialization

Weight initialization

Lecture 5 - 20 Jan 2016Fei-Fei Li & Andrej Karpathy & Justin JohnsonFei-Fei Li & Andrej Karpathy & Justin Johnson Lecture 5 - 20 Jan 201662

He et al., 2015
(note additional /2)
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