Appendix D

Appendix D: Multivariate
Gaussian Distribution

D.1 Introduction

Gaussian or Normal distribution is the most important and widely used dis-
tribution in engineering. In this chapter, we will present the basic tools to
manipulate the multivariate Gaussian distribution.

Just a quick note on convention. Vectors are in bold. Random variables are
in upper case and realizations of random variables are in lower case. Therefore,
a vector random variable is in bold upper case.

D.2 Probability density function

The probability density function (pdf) of a multivariate Gaussian random vari-
able X with mean p and covariance matrix ¥ is given by

W™ ) )

1
px(x) = \/WTE)GXP ( B

For convenience, we will also denote the multivariate Gaussian pdf with V' (x; @, X2).
Note that x and p are symmetric in N'(x; g, ). We have N (x; 1, X) = N (p;x, %) =
N(p—x;0,2) = N(0; u — x,%). These equations are trivial but are also very
handy at times.

Without confusion in notation, a common convention is to use p(x) to denote
px (x)!. Of course, for the above definition to be well-defined, we need to make
sure that 7! exists. Since ¥ is symmetric, the eigenvalues are real and the
eigenvectors can be made orthogonal. And as far as all eigenvalues are strictly
larger than 0, then ¥ ! exists. On the contrary, if there is a zero eigenvalue,

INote that some books may also use fx (x) instead of px (x) for pdfs.
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it means that there is no variation along the direction of the corresponding
eigenvector. That is, if we project the variable along that eigenvector, the
projected value is just a constant (instead of stochastic). So if we ignore these
degenerated cases, we can safely assume that ¥ ~! exists and the pdf is well-
defined.

D.3 Marginalization

Consider Z ~ N(pz,Xz) and let say X is a segment of Z. That is, Z = <X>

Y
for some Y. Then how should X behave?
We can find the pdf of X by just marginalizing that of Z. That is

o) = [ pxy)dy (D.2)
= s oo <—§ (ot s (3o Z?)) . B3

Let us denote ¥~ ! as A, which is usually known to be the precision matrix.

And partition both ¥ and A into ¥ = Zxx Zxy and A = A Axy .
ZYX EYY AYX AYY

Then we have

1
p(X) \/m / (2 X — H’X)TAXX(X - H’X) (D4)
+ (v — y) Ayx (x — px) + (x — px) " Axy (y — py) (D.5)
Hy = i) Ty (v = )] )y (D.6)

=y T Axx i)

_ / xp( L ) Ayx(x—px) (D7)

V/det(27Y)

+(x — px) " Axy (Y — y) + (v — y) " Ayy (y — y)]) dy  (D.8)

To proceed, we use the “completing square” trick that probably one learns in
high school. Basically, for a quadratic expression az? + 2bx + ¢, we may rewrite
it as a(z? + 229&) +c=alzx+ 2)2 +c— %. By doing that, we immediately can
see that the minimum (assuming a is positive) of az? + 2bx + ¢ is ¢ — % and
occurs when x = —g.

Now let’s apply the completing square trick on (y — py )T Ayx (X — px) +
(x — px) T Axy (¥ — ty) + (y — iy ) T Ay (y — iy ). For the ease of exposition,
let us denote x as x — ux and y as y — py. We have

Y AyxX + X " Axy Y + 5 Ayyy (D.9)
=(F + APy AvxX) T Ayy (7 + Ay AvxX) — X Axy Ay Ayxk,  (D.10)
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where we use the fact that A = X! is symmetric and so Axy = Ayx. There-
fore, we have

~ —1 ~
T (Ay x —Axy ATy Ayx)%

e~ 2 FHATY Ay x0T Ayy FHATY Ayx %)
X) = - 2 d D.11
Plx) det(27Y) / y )
_ \/ th(27—1—AYY exp X AxyAYYAyx)i (D 12)
/det(27Y) 2 '
det (2 Ay TS
@ vy) 4 exp ( X XXX) (D.13)
V/det(27Y)
@ < TEXXX) (D.14)
\/ det QWEXX
— 1 exp <_ (Xi “’X) 2;{%((qu)> (D15)
det(2ﬂ'zxx) 2 ’

where (a) is due to Lemma D.1 and (b) is due to Corollary D.2. In conclusion,
X ~ N(px,Yxx), which is probably what one may expect from the beginning.
Note that for illustrative purpose, we kept track of the normalization factor

L in the above deriation but it was really not necessary. Because we

4/ det(27\'2xx)

know p(x) should still be a density function and thus will be normalized to one.
In the future sections, we will mostly just keep track of the exponent.

D.4 Conditioning

Consider the same Z ~ N (py,Xz) and Z = <§> What will X be like if Y
is observed to be y? Basically, we want to find p(x|y) = p(x,y)/p(y). From

previous section, we have p(y) = N(y; tty, Xyv). Therefore,

plxly) ox exp (—; [(;‘)Tz (5) -5z ) (D.16)

1
X exp (-2 %7 Axxx 4+ %" Axyy + yTAYXi]> , (D.17)

where we use x and y as shorthands of x— pux and y — p+ as before. Completing
the square for x, we have

1, . _ N - _ -
p(x]y) x exp (—2(X + AxkAxyy)TAxx (x+ Axéchyy)> (D.18)

1 _ _
= exp (2( — px + AxxAxy (y — py)) " Axx (x — px + AxxAxy (y — MY)))

(D.19)
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Therefore X|y is Gaussian distributed with mean pyx — AxyxAxv(y — fy)
and covariance A;(;. Note that since AxxYxy + AxyXyy =0, A;(;AXY =
—ZXYZ;; and from Lemma D.1, we have

Xy ~ N(pux + ExySvy (¥ — #y), Exx — SxyEyySvx)- (D.20)

One can make some intuitive interpretation for the conditioning result above.
Let say both X and Y are scalar!. When the observation of Y is exactly the
mean, the conditioned mean does not change. Otherwise, it needs to be modified
and the size of the adjustment decreases with Xy, the variance of Y for the 1-
D case. This is reasonable as the observation is less reliable with the increase of
Yvvy. The adjustment is finally scaled by Yxv, which translates the variation of
Y to the variation of X. In particular, if X and Y are negatively correlated, the
direction of the adjustment will be shifted. As for the variance of the conditioned
variable, it always decreases and the decrease is larger if vy is smaller and
Yxvy is larger (X and Y are more correlated).

Corollary D.1. Given multivariate Gaussian variables X, Y and Z, we have
X and Y are conditionally independent given Z if pxzpyz = pxy, where

\/Eﬁ[)(;i;i(:;))z)};z[(_;_(?()z])y] is the correlation coefficent between X and

Z. Similarly, pyz and pxy are the correlation coefficients between Y and Z,
and X and Y, respectively.

pPxXz =

Proof. Without loss of generality, we can assume the variables are all zero-mean

X 1 pxy pxz
with unit variance. Thus, | Y | ~ N(0,%), where ¥ = | pxy 1 oYz
Z pxz pyz 1

Then from (D.20), we have

1 PXY -1 (PXxZ
2 - -
()2 <pXY 1 ) (oxz prz)ovy PY 2
_ - P%{Z PXY — PXzZPYZ
PXY — PXZPYZ 1—p},

Therefore, X and Y are uncorrelated given Z when oxy|z = pxy —pxzpyvz =
0 or pxy = pxzpyz- Since for Gaussian variables, uncorrelatedness implies
independence. This concludes the proof. O

D.5 Product of Gaussian pdfs

Assume that we tries to recover some vector parameter x, which is subject
to multivariate Gaussian noise. Say we made two measurements y; and ya,
where Y; ~ N (x,Xy,) and Yy ~ N (x,Xy,). Note that even though both
measurements have mean x, they have different covariance. This variation, for

LFor the consistency of notations, We will stick with the vector notation for the rest of
this section though.
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instance, can be due to environment change between the two measurements.
Now, if we want to compute the overall likelihood, p(y1,y2|x). Assuming that
Y, and Y5 are conditionally independent given X, we have

p(y1,¥2/%) = p(y11%)p(y2lx) (D.21)
:N(yl;x,Eyl)N(yQ;x, EYQ). (D22)

Essentially, we just need to compute the product of two Gaussian pdfs. Such
computation is very useful and it occurs often when one needs to perform infer-
ence.

As in previous sections, the product turns out to be “Gaussian” also. How-
ever, unlike previous case, the product is not a pdf and so it does not normalize
to 1. So we have to compute both the scaling factor and the exponent explicitly.
Let us start with the exponent.

N(Yl» X, EYl )N(y2a X, EYQ) (D23)

scexp (310 y1) Ay, 0 0) + x- ya) (- va) ) (D.24)

1
X exp <_2[XT(AY1 + AY2)X - (ygAY2 + Y{AY1)X - XT(AYQY2 + AY1y1)]>

(D.25)

sce— 3= (Avy +Av5) T (Av, oAy, ¥1)) T (v +Av,) (x—(Avy +Av,) T (A, ya+Ay, y1))]

(D.26)

ocN(x; (Ay, + Ay,) " HAvy,y2 + Ay, y1), (Ay, + Ay,) 7). (D.27)
Therefore,

N(y1;x, 2y, )N (y2; %, Ev,)

:K(Y1a Y2, EYl’ EYz)N(X’ (AYl + AY2)71(AY2y2 + AY1Y1), (AY2 + AY1)71)
(D.28)

for some scaling factor K(y1,y2,Xv,,2v,) independent of x. And note that
we used Ay, = E;i and Ay, = Z{é to denote the precision matrices of Y7 and
Y, above.

Of course, one can compute the scaling factor K(y1,ye, Xv,, Yy,) directly.
However, it is much easier to realize that

N(y1:x, By, )N (y2; %, 2y,) = N(y1; %, Sy, )N (x:y2, By, ) = p(y1, x|y2)
(D.29)

for X and Y to be conditionally independent given Y, with the setup as shown
in Figure D.1.

Then, marginalizing x out from p(y1,x|y2), we have p(y1ly2) = [ p(y1,x|y2)dx.
However, from Figure D.1,

/p(Y17X|Y2)dX =p(y1ly2) = N(y1;y2, v, + 2v,) (D.30)
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UNN(O,EYg) VNN<072Y1)

Figure D.1: The conditional pdf p(yi,x|ly2) = pyi|x)pxly2) =
N(y1;%, 2y, )N (x;y2,2v,) if X = U+ Yy and Y; = V + X, where U ~
(0,Yvy,) is independent of Yo and V ~ (0, 3y, ) is independent of X.

but from (D.28),

/p(yl,x|y2)dx = /N(yl;x, Sy, )N (ye2; x, Xy, )dx (D.31)
:/K(Ybyb Sy Sy )N (%5 (Ay, + Av,) " HAYL Y2 + Av,y), (Ay, + Ay,) Hdx

(D.32)

:K(yl,yg,zyl,EYQ). (D33)

In summary,

N(y1;x, v, )N (y2:x, Zv,)

=N(y1:¥2: Sy, + v, )N (x5 (Ay, + Ay,) (Av,y2 + Ay, y), (Ay, +Ay,) 7).
(D.34)

Let us try to interpret the product as the overall likelihood after making two
observations. For simplicity, let us also assume that X, Y; and Y, are all
scaler!. The mean considering both observations, (Ay, + Ay,) *(Ay,y2 +
Av,y), is essential a weigthed average of observations ys and y;. And the
weight is higher when the precision Ay, or Ay, is larger. And the overall
variance (Ay, + Ay, )~ ! is always smaller than the individual variance ¥y, and
Yy, . This can be understood since we are more certain with x after considering
both y; and ys. Finally, the scaling factor, N (y1;y2,Xv, + Xv,), can be
interpreted as how much one can believe on the overall likelihood. The value
is reasonable since when the two observations are far away with respect to the
overall variance Xy, + ¥y, , the likelihood will become less reliable. The scaling
factor is especially important when we deal with mixture of Gaussian in Section
D.7.

L Again, for the consistency of notation, we will keep using the vector convention for the
rest of this section.
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D.6 Division of Gaussian pdfs

To compute %, note that from the product formula (D.34)

N (3 g, Bo) N (x; (Ag — Ag) ™M (Arpy — Aopy), (Ag — Ag) ™)
=N (pg; (A — A2) 7 (Arpy — Aopry), AZ T+ (A1 — Ag) "N (x; g, 5).

(D.35)
Therefore,
NGpy, Y1) - NG (A= Ag) (A — Aapy), (A — Ag) ™)
N(X; Mo, X2) N(va (A1 — A2) 1Ay — Aopy); Agl + (A1 —42)7)
(D.36)
) _ —1
o NGp (A —A9)™h (D.37)

N(pys e A+ (A = Ag)~1)

where g = (A1 —A2) " (A1 pq — Aapy). Note that the final pdf will be Gaussian-
like if A; > As. Otherwise, one can still write out the pdf using the precision
matrix. But the covariance matrix will not be defined.

D.7 Mixture of Gaussians

Consider an electrical system that outputs signal of different statistics when it
is on and off. When the system is on, the output signal S behaves like N'(5,1).
When the system is off is off, S behaves like N'(0,1). If someone measuring the
signal does not know the status of the system but only knows that the system is
on 40% of the time. Then, to the observer, the signal S behaves like a mixture
of Gaussians. And the pdf of S will be 0.4N(s;5,1) + 0.6A(s;0,1) as shown in
Figure D.2.

The main limitation of Gaussian distribution is that it is unimodal. By mix-
ing Gaussian pdfs of different means, mixture of Gaussian pdfs are multimodal
and can virtually model any pdfs. But there is a computational cost for this
extra power. Let us illustrate this with the following example.

Consider two mixtures of Gaussian likelihood of x given two observations y;
and y, as follows:

p(yi|z) = 0.6N (x;0,1) + 0.4N (x;5,1); (D.38)
p(ya]z) = 0.5N (z;—2,1) + 0.5N (x; 4, 1). (D.39)

What is the overall likelihood, p(y1,y2|x)?
As usual, it is reasonable to assume the observations to be conditionally
independent given x. Then, the overall likelihood p(y1,y2|x) just equal to the
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Figure D.2: The pdf of a mixture of Gaussians (0.4N(5,1) + 0.6N(0, 1))

product of likelihoods p(y1|x)p(yz|z). That is,

p(y1,y2|z) = (0.6N (2;0,1) + 0.4N (x;5,1))(0.5N (z; —2,1) + 0.5N (z;4,1))
(D.40)
= 0.3 (2:0, DN (25 -2, 1) + 0.2N (2 5, DN (25 -2, 1)
+0.3N (2;0, )N (25 4,1) + 0.2N (x5 5, 1)N (x; 4, 1). (D.41)

This involves computing products of Gaussians but we have learned it in previ-
ous sections. Using (D.34),

p(y1, yo|z) = 0.3N(=2;0,2)N (z; —1,0.5) + 0.2N (—2;5,2) N (x;1.5,0.5)
+0.3N(4;0,2)N (x;2,0.5) + 0.2N (455, 2)N (z;4.5,0.5).  (D.42)

So we have the overall likelihood is a mixture of four Gaussians.

D.7.1 Reduce Number of Components in Gaussian Mix-
tures

Let say we have a likelihood of x given an observation is a mixture of two
Gaussians as just discussed. And we have n such similar observations. The
overall likelihood will be a mixture of 2™ Gassians! Therefore, the computation
will quickly become intractable as the number of observations increases. For-
tunately, in reality, some of the Gaussians in the mixture tend to have a very
small weight. For instance, in our previous numerical example, if we continue



D.7. MIXTURE OF GAUSSIANS 351

0.5 T T T T T
Zf(y1|$) /\
—p(y2|x) ,’ \
0.4 |1 - —-p(y1, yo|) ‘l T

8
Figure D.3: Likelihood  functions: plyilz) = 0.6N(2;0,1) +
0.4N (z;5,1),p(y2]z) = 0.5N(z;-2,1) + 0.5N(z;4,1),p(y1,92lz) =
p(y1|z)p(yalz) = 0.4163N(z;—1,0.5) + 3.5234 x 107N (z;1.5,0.5) +

0.0202N (z;2,0.5) + 0.5734N (x;4.5,0.5).

our numerical computation in (D.42), we have

p(y1, y2|z) = 0.4163N (z; —1,0.5) 4 3.5234 x 107N (2 1.5,0.5)
+0.0202V (23 2, 0.5) + 0.5734N (23 4.5, 0.5). (D.43)

We can see that the weight for the component at mean 1.5 is very small. And
the component at mean 2 has a rather small weight also. Even with the four
Gaussian components, the overall likelihood is essentially just a bimodal distri-
bution as shown in Figure D.3. Therefore, we may approximate p(yi,yz|z) with
only two of its original component as 0.4163/(0.4163 + 0.5734)N (x; —1,0.5) +
0.5734/(0.4163+0.5734)N (z;4.5,0.5) = 0.4206 N (x; —1,0.5)+0.5794N (x; 4.5, 0.5).

However, it is not always a good approximation strategy just to dump away
the small components in a Gaussian mixture. For example, consider

p(z) = 0.IN (z;—0.2,1) + 0.1N (z; —0.1,1) + 0.1 (x;0,1) + 0.1N (z; 0.1, 1)
01N (2;0.2,1) + 0.5M (35, 1). (D.44)

Let say we want to reduce p(z) to only a mixture of two Gaussians. It is
tempting to just dumping four smallest one and renormalized the weight. For
example, if we choose to remove the first four components, we have

p(x) = 1/6N(2;0.2,1) + 5/6N (x;5,1), (D.45)
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Figure D.4: Approximate p(z) = 0.1NM(x;—-0.2,1) + 0.IN(z;-0.1,1) +
01N (z;0,1) + 0.1N (2;0.1,1) + 0.1NM(2;0.2,1) + 0.5AN (x;5,1) by discarding
smallest weight components (p(z) = 1/6N(2;0.2,1) + 5/6/N (x;5,1)) and by
merging similar components (p(z) = 0.5\ (x;0,1.02) + 0.5N (z;5,1)). The lat-
ter approximation does so well that p(z) and p(z) essentially overlap each other.

which is significantly different from p(z) as shown in Figure D.4.

The problem is that while the first five components are all relatively small
compared to the last one, they are all quite similar and their combined contri-
bution is comparable to the latter. Actually, as one can see from Figure D.4,
the first five components are so similar that their combined contribution can
be accurately modeled as one Gaussian. So one can get a much more accu-
rate approximation by merging these components rather than discarding them.
Such approximation p(x) is also illustrated in Figure D.4. However, to success-
fully obtain such approximation p(z), we have to answer two questions: which
components to merge? And how to merge them? We will address these in the
following [106].

Which Components to Merge?

It is reasonable to pick similar components to merge. The question is how do
will gauge the similarity between two components. Consider two pdfs p(x) and
q(x), note that we can define an inner product of p(x) and ¢(x) by

(x).0) = [ pixlalxix. (D.46)
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Such inner product is well defined, in particular (p(x), p(x)) > 0. Therefore, by
Cauchy-Schwartz inequality,

(p(x), q(x)) _ fp(X)q(x)dx .
V)P 69,409 \/fp(X)deftJ(dex =t (D-47)

Moreover, the latter equality holds only when p(x) = g(x). This suggests a very
reasonable similarity measure between two pdfs. Let’s define

Sim(p(x), q(x)) 2 —d POIICIX__ (D.48)

\/fp(x)defq(X)de

In particular, if p(x) = N(x; p,,, Xp) and q(x) = N (x; p,, £q), we have

N(I"’pa I"’q7 Ep + Eq)

Sim(N (1, £,), N (g, Zq)) = (D.49)

which can be computed very easily and is equal to one only when means and
covariances are the same.

How to Merge Components?

Say we have n components N (uq, 21), N (pg, X2), -+, N(,,, Xp) with weights
w1, Wa, -, W,. What should the combined component be like? First of all, the
combined component obviously will have weight equal to the combined weight
> w;. And its mean will simply be Y. | ;p;, where @; = s

It is tempting to write the combined covariance as Y ;- w;%;. However, the
covariance is more than that. Because the sum only count the contribution of
variation among each component, it did not take into account the variation due
to different means across components. Instead, let’s denote X as the variable
sampled from the mixture. That is, X ~ N (u;,%;) with probability ;. Then,
we have the combined covariance X given by

¥ = EXX"] - EX]EX]T (D.50)
=Y (Sl ) =YY i) - (D.51)
i=1 i=1j=1

Now, go back to our previous numerical example. Recall that p(z) =
0.1N (z;—0.2,1)+0.1N (x; —0.1,1)+0.1A (2; 0, 1)4+0.1A (2; 0.1, 1)+0.1N (z; 0.2, 1)+
0.5N (z;5,1). If we merge the five smallest components (one can easily check
that they are also more similar to each other than to the last component), we
have p(z) = 0.5N (x;0,1.02) + 0.5N (x;5,1) as shown in Figure D.4, where the
approximate pdf is virtually indistinguishable from the original.

[43, 44, 42, 129, 41]
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D.8 Summary

Below we assume Yo ~ N (u, X)), Yo = (X>7 o= (NX>7 Y (ZXX ZXY)’

Yvyx Xvyy

_ Axx  Axy

STl=A= .
(AYX AYY)

Marginal pdf of X:

| X~ Npx Sxx) | (D.52)

Conditional pdf of X given observation y:

X]y ~ N(px + SxySvy (¥ — #y), Exx — Sxy Syy Svyx)

(D.53)
Product of Gaussian pdfs:

N(x;y1, By, )N (x5y2, By,)
:N(Y1;Y2,EY2 + ZY1)-/\/(X; (AYI + AYz)_l(AYzyQ + AY1y1)7 (AYz + AY1)_1>

(D.54)
Division of Gaussian pdfs:
N(xpy, 51) N(x; (A — Ag) M (Arpy — Aopas), (A — Ag)™1)
NG g E2) Ny, (A — Ag) = (Arpy — Agpiy); Ayt + (Ar — Ag) )

(D.55)
Measure Similarity between Two Gaussian pdfs:
N1y gy Bp + 3g)
Sim(N (., 20), N (p,, E4)) = AR S D.56

Merging n Gaussian Components in a Mixture:

Merging n components N (pq, X1), N (o, X2), - -+, N, Ey,) with weights
wi,Wa, - ,W,. And let the combined weight and combined component be w
and AV (w,Y). Then, w, u, and ¥ are given by the following:

w= sz (D.57)
i=1
n w;
=) (D.58)
i=1
Y= " ZwL(El + ;) — w2 Zzwiwjﬂiﬂj (D.59)
i=1 i=1 j=1
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Appendix: Matrix Equations

Throughout this section, we assume 7! = A, ¥ = (EXX ZXY), and A =

Yyx Yyvy
(Axx Axvy
Avx Avy
other similar forms hold as well. For example, apparently we also have Yvyvy =
Avy — AYXA§§(AXY from Lemma D.1. Without loss of generality, we simply
pick one arbritary form for each lemma in this section.

). And note that many of the equations have “symmetry” and

Lemma D.1. ¥3% = Axx — Axv A3y Avx

Proof. Since A = E_l, we have YxxAxy + ZxvyAyy = 0 and YxxAxx +
YxvyAyx = I. Insert an identity into the latter equation, we have YxxAxx +
Yxy (Avvy Ay ) Avx = ZxxAxx —(OxxAxy)Avy Avx = Zxx (Axx —Axy Ayy Avx) =
I O

Lemma D.2. det(X) = det(Zyy) det(Axx)

Proof.
det(Z) = det (EXX EXY) (D.60)
Yyx Yvyvy
B I Exx Yxvy
(0 o) (5080 ) oo
_ I I Txv) (Zxx — ExySyyZvyx O
et ((0 2YY> (0 ) ( SyyEyx 1)) (6
B I 0 I Yxv Yxx — OxviyyZyx 0
= det (0 EYY) det <0 I ) det ( Z;(%(EYX I
(D.63)
= det Xyy det(Zxx — Exyz;;ZYx) (D.64)
= det Syy det Axk, (D.65)
where the last equality is from Lemma D.1. O

Note that since the width (height) of ¥ is equal to the sum of the widths of
Yxx and Yyvy. The equation below follows immediately.

Corollary D.2. det(aX) = det(aSvyvy) det(aAxyx) for any constant a.



